In this paper, we study a mixed problem with integral boundary conditions for a high order partial differential equation of mixed type. We prove the existence and uniqueness of the solution. The proof is based on energy inequality, and on the density of the range of the operator generated by the considered problem.
Introduction
In the rectangle , we consider the equation (1) where is bounded for , and has bounded partial derivatives such that and , , for
To equation (1) we add the initial conditions (2) the boundary conditions for , ,
for , ,
and integral condition
where and are known functions which satisfy the compatibility conditions given in equations (3)-(5).
Integral boundary conditions for evolution problems have various applications in chemical engineering, thermoelasticity, underground water flow and population dynamics; see for example Choi and Chan [6] , Ewing and Lin [7] , Shi [12] , and Shi and Shillor [13] . Boundary value problems for parabolic equations with integral boundary conditions are investigated by Batten [1] , Bouziani and Benouar [2] , Cannon [3, 4] , Cannon, Perez Esteva and Van der Hoeck [5], Ionkin [8] , Kamynin [9] , Kartynnik [10] , Shi [12] , Yurchuk [14] and many references therein. A method was developed in [2] , [10] , and [14] based on energy inequalities. In this paper, our objective is to extend this method to high order partial differential equations of mixed type.
Preliminaries
In this paper, we prove existence and uniqueness of a strong solution of the problem stated in equations (1)-(5). For this, we consider the problem in equations (1) 
where with domain of definition consisting of functions , such that, and, satisfies conditions in problems (3)-(5); the operator is considered from to , where is the Banach space consisting of all functions satisfying equations (3)-(5), with the finite norm sup (7) and is the Hilbert space of vector-valued functions obtained by completion of the space with respect to the norm (8) where is an arbitrary number such that . We then establish an energy inequality:
and we show that the operator has the closure . A solution of the operator equation is called a strong solution of Definition 1: the problem in equations (1) (10).
We note the above lemma holds for weaker conditions on .
Proof: Starting from and using elementary inequalities yields (11) . (2 where , yields:
An Energy Inequality and Its Consequences
From equation (1) we have:
.
Using elementary inequalities, we obtain
whereBy integrating the last term on the right-hand side of expression (16) and combining the obtained results with Lemmas 1 and 3, and the inequalities in equations (17), (18), and (19), we get:
Using elementary inequalities and condition (14), we obtain:
As the left-hand side of equation (21) where is an arbitrary number such that , then . Proof: The equality (24) can be written as follows: (25) If we introduce the smoothing operators with respect to [14] and , , 
By passing to the limit, we satisfy the equality (30) for all functions satisfying the conditions in equations (2)- (5), such that for . The operator has, on , a continuous inverse defined by the relation < < :
where
Hence the function can be represented in the form Then, , < < 
The operators are bounded in For sufficiently small, we have < < 9 9 8 < , hence the operator, has a bounded inverse in In addition,
, are bounded operators in . So from the equality, 
We conclude that the function has the derivatives , . Taking into 3 9 3 9 account equations (36) and (35) .
So, for sufficiently small, the function has the same properties as In addition, 3 B 3 9 9 satisfies the integral condition in equation (28). Putting exp in equation (29), where the constant satisfies $ 3 $ 9 $ % and using equation (27), we obtain Integrating each term in the left-hand side of equation (40) The range of the trace operator is everywhere dense in Hilbert space with the norm hence .
